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Abstract The blfurcallon anal) sis of a bilayered sheet hetween rigid surfaces under biaxial loading
(Alcaraz ('/ al. 1997) is continued here by cOlbldering the stability analysis of the emergmg
undulations near the imerface in the spacially penodic mode. Assuming an initial perturbatioll
along the interface. conditions preventing the grov.th of thiS perturbation are studied. With thiS
aim. a stability parameter is introduced. The intluence on this parameter of the geometric and
material variables is discussed in detail. It IS alsc) shown that stability strongly depends on the
constitutive model assumed in the computations. Copvrlght ( 1996 Elsevier Science Ltd.

I. I\lTRODl CTION

In a previous paper (Alcaraz ('{ al.. 1(97). a critical bifurcation strain was determined for
the onset of interface instabilities in a bimetallic sheet between rigid surfaces subjected to
biaxial plastic loading. Diffuse mode instabilities, leading to an undulating behaviour of
the interface_ were the main type of instabilities in the composite, in competition with the
localized shear band formation.

Focussing on that periodic spatial mode. it should be guaranteed that the growth of
the undulations remains below a critical level. Exceeding this level could result in refusable
bimetallic products, because of an unacceptable thickness in one of the materials. For
example. in the bimetallic extrusion, products with an extremely non-uniform thickness are
sometimes obtained.

Several attempts were previously made in the analysis of instabilities. Dudzinski and
Molinari (1991) carried out a perturbation analysis applied to a thermoviscoplastic material
in biaxial loading. The growth of the instability was characterized by means of an effective
instability. This concept \vas introduced to consider the rate of growth of the fastest
mode. Apart from this study. more recently Triantafyllidis and Lehner (1993) analysed the
interfacial instabilities of density-stratified two-layer systems under initial stress. The sta­
bility of perturbations was determined from the appropriate linearized equations of motion.
The critical stress at which an initial stable stratification is destabilized was shown to depend
on the wavelength of a perturbation.

In this paper. as a continuation of the previous one. a dynamic analysis of stability is
applied to a bimateriallayer. placed between rigid surfaces and subjected to biaxial loading.
The problem is tackled as a bifurcation problem. by considering the dynamic term in the
equilibrium equations. An instability parameter defined in the analysis contemplates the
growth of the initial interface undulations. The effects of the different geometric and
material variables on this parameter are presented, as well as the influence of the constitutive
model used in the calculations.
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Fig. I. Geometry of the problem.

2. FORMULATIO:"< OF THE PROBLEM

A plane bilayer with finite thickness and infinite length is subjected to biaxial loading
in plane strain. Figure I shows the geometry of the problem: material A is placed between
the planes Xl = a and Xl = h, material B between Xl = hand X2 = c, and the bilayer is
limited by two rigid surfaces at Xl = a and Xl = c.

Consider then the stability of the initially plane interface, subjected at a time instant
f = 0 to a perturbation of small amplitude (1:) and arbitrary wavelength, around the

equilibrium state.
The linearized equations of motion. in the absence of body forces. lead to the

expressIOn:

(I)

where n'l represents the nominal stress tensor. ( ).i meaning the partial differentiation with
respect to X,: ili is the acceleration vector. Ui being the displacement vector, and p is the

density.
We can write all the quantities in the perturbed system as a sum of their corresponding

fundamental (unperturbed) values, plus a term which depends on the amplitude of the
initial disturbance. c:. In particular:

n,; = n:', +1:f1;; +O(
1

)

U, = u:'+f:l./;+O(I:
1

) (2)

where n;j. u;' are the fundamental values. and Iii,;. t:u i are the linear terms of the perturbed
magnitudes.

By inserting (2) in (I). the first order approximation yields:

(3)

On the other hand, the continuity conditions at the bimaterial interface can be written
in terms of the perturbed values:
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(4)

where the sign <>indicates the jump in the enclosed magnitude across the interface. and
N, are the components of the outward normal. The boundary conditions imply that the
velocity component 1": vanishes at x: = a and x: = c.

Assuming that the hydrostatic pressure does not affect the relation between the devi­
ators of stress rate and strain rate. the constitutive equation for incrementally-linear solids
is expressed in the following form (Biot. 1965):

(5)

where Gil is the Jaumann derivative (referred to the rotating axes) of the true stress. I: i / is
the Eulerian strain rate. I:,i = (zi,./+u j ,) 2. u, being the velocity. Ii. Ii* are two incremental
shear moduli. The linearization applies similarly to (5) yielding:

(6)

As the coefficients of the linearized equations do not depend on time, we can find
solutions in the form:

(7)

By inserting (7). (3) turns into

and the continuity conditions at the interface (4) can be written as

(!l'iN,) = O. (fi) = O.

Note that ~: is the linear eigenvalue of (X). For a constitutive law

(8)

(9)

(10)

where L llkf is a tensor of incremental moduli satisfying the symmetry condition L"kl = Lwl'
all the eigenvalues are proved to be real (Triantafyllidis and Lehner. 1993). When the
minimum of these eigenvalues. ~'" satisfies ~,~, > O. solution (7) will remain bounded with
time and the interface will be stable. It should be noted that no dissipation mechanism is
considered here. This would produce a decaying amplitude solution. For ~,~, < O. (7)
provides unbounded solutions. In that case. the system is said to be unstable. Finally. if
~,~, = 0 for a certain perturbation. the problem reduces to a bifurcation case (analysed in
Alcaraz ct al.. 1997).

At the moment of the analysis. the stress components under the assumed biaxial
loading are (TIl = (TI and (T:: = (T:. Both components are supposed uniform in each material
and (T1 can be different. in general. in A and B.

It is convenient to express (5) in terms of the nominal stress rates 11". which are related
to Jaumann derivatives all and true stresses (Til by
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, (cli I

Ii I I = (J I I - (J I ,
('X I

(I I)

Using the constitutive eqns (5) and the lI1compressibility condition determined by
lill + licc = O. the linearization of (II) yields:

(12)

If we now introduce a flow function ljJ(yl.xc) such that

17
('Ill ('ljJ

(c X :
17,

( XI
(13)

and use (13) and (12) in (X) and (9). the following derivative equation can be derived:

( 14)

where. to be concise. the following notation has been used:

(15)

and the corresponding continuity conditions at the interface are expressed by:

('ljJ \
---) = 0

( (6)

where the condition (licc ) = 0 is replaced by (licc I) = O. On the other hand. the boundary
conditions are also easily expressed in terms of the flow function ljJ.

Equation (14) is said to be elliptic. hyperbolic or parabolic according to whether there
are zero. four or two real roots. respectively. for its characteristic equation. As noted in
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Alcaraz et al. (1997), real roots provide the characteristic planes of (14), allowing the
possibility of strain discontinuity in the form of shear bands. and imaginary roots imply
the existence of sinusoidal solutions around the interface. Here we are concerned with this
last type of instability. the only mode encountered in the elliptic regime. The analysis that
follows is centred on this regime. because it provides the most general solutions (complex
conjugates) and, for this reason, could be considered to include the remaining regimes.

,1. E!GENMODES. DEDLCTIO\i OF TIIF GOYFR:--JI1'<G EQLATION

We are now interested in finding the minimum eigenvalue ( corresponding to the first
eigenmode (see (7) and (8». As commented before, there will be stable or unstable con­
ditions according to whether ( > 0 or ~c < 0, respectively. It will be shown later that the
magnitude ( (Jlso indicates the amount of instability in the process.

To determine the eigenmodes of the problem. let us seek for solutions of the flow
function, i/J. in the form:

~7!.Y I

VI =f(Yo)sin ,
. I.

( 17)

By inserting (17) into (14). thc following differential equation for the function! is
obtained:

( 18)

where 0) = 2IT i..
As we arc considering the elliptic regimc. the roots of the characteristic equation of

(18) are complex, and thus the resultant! functions that satisfy the boundary conditions
l'c(.Yc = a) = l'j.Y. = c) = 0 can be written as:

( 19)

where.% denotes the real part of the enclosed quantity. and Cl and c, are complex constants.
andy. and !i. respectively, satisfy:

where

(R, - S I )'1..J + [2( 1- R,) - h,]'1. 2 + [R] + S, -hi] = 0

(R H-SH)!i.J+[2(l-RH)-hH]!( +[RH+SH-hH] = 0 (20)

Therefore,

2IT
(IH = (c -h),

I.

'1.' = &- I +h'}-_±l?R, -I - S~ ~ti..4~h,(l ~ R ,) ~h_,(R~ - SI) (21)
R,-SI

and an analogous expression for fl2.
The interface conditions (16) turn into:
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Jf {C I 'sin 2
i
n x(h - a) } =Jf { CC ' sin 2

i
n f3 (( - h) }

Jf {C I 'x' cos 2i~ x(h - a) } =Jf { - (C ' f3 ' cos 2i~ f3 «( - h) }

)f{CI'[(R~-Sl)XC-(Rl+S'~-2+bj)]X'COS2inX(h-a)}

r . 2n} {2n 1(Rj-Sj)·3I't, 'x-'sin ;~x(h-a) -(R,-S'j).Jf (I 'sin i. x(b-a)S

where

(23)

To facilitate the elimination of (I and (c in (22). several relations from (21) can be
used:

xC(R~-Sj)-(Rl+S'~-2+bj)= \l'A+it1A

(R I - S', ) - XC (Rj - Sj) = H'A - iRA

where

\l'A = I-S'l-bj 2

and. by setting x = PI + ir ~

(24)

(25)

and similarly for 11 = P8+ir8'
After lengthy manipulations. (22) provides the following resultant equation:
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+4(RA-SA)(RB-SB)(PAS; +rAS~)(PBS:+rB~)

+2(1-S~-bB/2)(RA_SA)[S: - s~J(PAS: +rAS~)} = 0
PB rB

S" = RS' - (S2 +S'2)/2
R-S

Sp = sin 2pq s, = sinh 2rq

cp = cos2pq c, = cosh2rq.
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(27)

(28)

4, GROWTH OF PERTURBATIONS, APPLICATION TO THE EXTRUSION PROCESS

Equation (27) relates the strain (e), the wavenumber (q) and the stability parameter
(~). Therefore, for a given strain e, the set of eigenvalues, ~, can be determined in terms of
q.

When the minimum of these eigenvalues, ~m, satisfies the condition ~~ < 0, instability
will occur and the displacement a= el~mltii (see (7» will become an unbounded solution of
the problem. Let ao be the initial amplitude of the perturbation. The evolution with time of
the relative amplitude of the perturbation is then given by

a I'lt ao--=e'm --
b-a b-a'

If this amplitude is limited by an allowable maximum, so that

a ao
--~M--
b-a'" b-a'

then

InM
I~ml ~-t-'

(29)

(30)

which provides a useful expression to control the maximum growth of the perturbation.
As an application of the above analysis, consider now the extrusion process of a

bilayered sheet through a wedge-shaped die. Equation (27) can be used as a first approxi­
mation. It is assumed that the interface perturbation is initiated when the sheet contacts
the entry section of the die. The growth of the perturbation is analysed according to actual
values of the process.
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Table 1. Constants 111 the constitutive models

\1odel Constants

Voce
Hollomon
Prager

C=l.m=1
k = Y
C ~ Y

/I = 12
II = 0.04
n = 7.5

As shown later. instability is promoted as the maximum strain attained in the interface
increases. In an extrusion process. this maximum occurs at the exit section of the die (see
Alcaraz and Gil-Sevillano, 1993). Therefore. the perturbation amplitude under unstable
conditions exhibits a maximum when the sheet leaves the die. Beyond this zone. as the
material does not yield any longer. the perturbCltion will not increase any more.

The time required for the material to go through the die can be estimated from the
following approximate expression:

(31)

where [;""" represents the maximum strain of an interface element and i: is the strain rate of
the process. Then (30). turns into:

1:lnM
~'" I ~ ---

('lIIli\

(32)

Considering a maximum strain of 1.0. a strain rate of 100 and a growth up to 20 times
the initial small perturbation (i.e .. M = 20). an allowable limit of 300 is obtained. This
value can be used as a reference.

, RESULTS

In this section. results are presented for materials with a constitutive equation in the
form ft = ft(i":). where ft and i": are the equivalent stress and strain. respectively. Three
constitutive models have been considered in the calculations:

(i) Voce model: ij = C(l-me .m)

(ii) Hollomon model: ij = kF:'

(iii) Prager model: ij = Ctanh (Ill')

(33)

(34)

(35)

where C. k.. m. 11 are constants. Details of the choice of values for these constants are given
in Alcaraz et of. (1997). The relevant information is summarized in Tables I and 2.

Table ~ Parameters in the governing equation i.~71 for the constitutive models

Voce

iT = C( 1 me")

Hollomon

iT = kt

Prager

R = ~ ('t:"'"- - I)coth I, 3n
211 ,'" .

S .. = 3 a"

'2 Cnme

s = ~} (e'~ _]')
..:..11 111 /

" C Rnl RflR III

':- = C
l

111
1

11
1

C I'

s = -"--~' ~
'2 n

3 I
S = "-:;- "5mh (2111')

..:.. _11

iT = Ctanh (1If) s
3 ai, ,

cosh' (lin
2 CII

CRIIR cosh' 111,1:)

, = (~II-, cosh' (nH~;
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Table I shows the selected values of the parameters in the constitutive laws. and Table 2
gives the expressions for R. S. S" and ~ corresponding to each constitutive equation.

5.1. Influence of Ihe eOI1.\lilUlil'1' models
Firstly. the efrect of the selected constitutive model on instability is assessed. Figure 2

shows the results for the three constitutive models. in two typical cases: (a) a bilayer with
an upper location of the harder materiaL a yield stress ratio k, = YB! Y 1 = 2 and a thickness
ratio r, = (e-h) (h-a) = I 3 (in Fig. 2a), and (b) a bilayer with a lower location of the
harder material with ratios k, = I 2 and r, = 3 (in Fig. 2b). The harder material could be
a corrosion resistant alloy and the other a low-alloyed structural steel. In all the cases. a
maximum strain of J.n is assumed.

It can be seen that the values of the stability parameter. ~. using the Prager equation
are higher than those obtained with the Voce model. and the latter. in turn. higher than
those corresponding to the Hollomon model. Therefore. the Hollomon equation leads to a
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Location of the
harder material
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Table 3. Reference valucs for both locations of the hardcr material

k, 1/'1 u, 1':' ;i d" d" ;;111111

,
I 3 I~ I~-

D.S 3 I~ I~

more stable behaviour. However. the Voce or Prager equations are more representative of
an actual high-temperature plastic behaviour. by which a saturation stress is often reached
after only moderate strains.

Comparing now the results of Fig. 2a and Fig. 2b, it is clearly seen that for a lower
location of the harder material (Fig. 2b). a higher stability parameter is obtained. By
assuming the reference value of 300, it is concluded that this limit is exceeded in both cases
by using the Prager model. especially when the harder material is placed lower.

5.2. fnffucncc 0/ the {jL'omctric and matcl'lal paramcters 0/ the problem
A number of calculations have been carried out in order to ascertain the influence of

several geometric and material variables on the stability parameter. The computations have
been performed using the Voce model. In particular. the following variables are considered:

the yield stress ratio. f.:., = YB Y, (for both locations of the harder layer).
the thickness ratio. r,_ =(('-17) (h-a) (also for both locations).

- the hardening parameters nu and IIi"

the hydrostatic stress parameter. p, = (Jh Y, where (Jh is the hydrostatic stress.
-the density ratio d" d/>.

the maximum strain.

The reference values of the parameters for both locations of the harder materials are
given in Table 3.

Figure 3 shows the effect of the yield stress ratio. k,. for both locations of the harder
material. Note that these graphs start at the wavenumber corresponding to the onset of the
elliptic regime. since we focus on the undulatory mode at the interface. This criterion will
be followed in the subsequent results of this section. In Fig. 3, it can be seen that the
maximum stability parameter increases as the discrepancy between the yield stresses of the
two materials increases. Values are again higher in the case of setting lower the harder
material (Fig. 3b). In this latter casc. the limit of 300 is only reached for a wavenumber of
4.5 if k, < 0.5. and for a wavenumber of 6 if k, < 0.33.

Therefore. putting together the results of Alcaraz ct al. (1997) and the present results.
it can be drawn that the discrepancy in the yield stress not only promotes the onset of
instabilities but also the subsequent growth of the undulations originated at the interface.

Figure 4 illustrates the influence of the thickness ratio, r e . No trend can be appreciated
in this case. Nevertheless. Fig. 4a. for an upper location of the harder layer, seems to
indicatc a slight increase in the maximum stability parameter with the increase in the
thickness of the harder layer. The stability parameter is higher in Fig. 4b. corresponding to
the lower location of the harder material. In this last case. the reference value of 300 is
attained at certain wavenumbers.

Figure 5 shows the effect of some other parameters. for the case of a lower harder
material. which proves to be the most dangerous. The effect of the hydrostatic stress in
material A is shown in Fig. Sa. The results indicate a slight increasing trend on increasing
the hydrostatic stress. It is also found that the wavenumber of 4.5 appears to provide the
worst condi tions for stabi li ty.

Figures 5b and c illustrate the influcnce on stability of the hardening parameters n"
and n/>. respectively. It can be seen that ~ considerably increases as either of the hardening
parameters increases. A hardening coefficient nt. higher than 12 provides stability parameters
exceeding the reference limit of 300 at high wavenumbers.
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Consequently. as occurred with the yield stress ratio. a similar trend in the hardening
and hydrostatic pressure parameters has been found between the present analysis and the
bifurcation analysis.

The density ratio also has repercussions on the bifurcation equation. due to the
dynamic nature of the stability phenomenon. From Fig. 5d. it appears that the growth of
the perturbation very slightly increases as it does the lower/upper density ratio.

The effect on ~ on the maximum strain attained at the interface. shown in Fig. 5e.
becomes more relevant. An increase in the strain provides a very marked increase in ~

values. In the extrusion process. for instance. this situation would be produced by an
increase in the die angle or in the extrusion ratio. Consequently, as indicated by the high
\alues attained in Fig. 5e. instability problems may be encountered at high strains for
perturbations dcveloped along thc bimaterial interface.
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6. COt\CL USIO"lS

The analysis carried out in this paper completes the bifurcation analysis of bimetallic
layers between rigid surfaces under biaxial plastic loading, presented in Alcaraz e[ at. (1997).
A stability parameter is established to determine the growth of an initial perturbation
originated at the interface. in terms of the strain rate. the total plastic strain and the other
geometric and material parameters of the process. Detailed results are presented about the
effect of a number of vanables related to the problem. such as the yield stress ratio, the
thickness ratio, the hardening parameters, the maximum strain attained and the hydrostatic
stress.

In summary. it can be concluded that instability is originated and promoted as the
yield stress ratio between the harder and softer material increases. The same. yet stronger,
tendency is found on increasing the maximum strain attained at the interface or the
hardening parameters of the constitutive laws. The density ratio between the two materials
and the hydrostatic stress levels affects weakly the stability of the process: an increase in



Intert;lce stahliity 11 637

(a I 350.--~----,--~----,---,.---r---.---~----.---,

.' 8

o1--..---------, --"--',>, r"~- ---rr --' ---,' -----,- ----4----~" rrrrr_;_ r__ 0 -' or r-.' j
I 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

100

50

0
I l.5 2 2.5 3.5 4 4.5 5 5.5 6

wavenumber. qa

350

300

na=16
250

w 12"U
~ 200
.,
Co

~ 150:.c
~

100 8
--- - ~ _. - .. - _. ----

. - - ----- - -,~

50
"

4

0
I 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

wavenumber. qa

600

1
500r

nb=16

/
w 400
~

"E
~

300Co 12
~
:.c.,
;;

200

(hi

IC I

wavenumber. qa

Fig. 5. Efkctcll1 thc stahIlm parameler ,. for a lo\\er location of the harder component. of: (a) Ihe
hydrostatIc sires,. I'. = Ci r in A. (h) the hardcilin,r parameter 11,. (cl the hardening parameter
,/,.. (d) the densl!\ ratio til' = d.. «(•. (ci the maxinlul11 strain. I11.S .. at the bimaterial illlcrfm:e

I CIIlllilllll'd 111'''1'/1'<1/. I



65.554.5

.' .

4

0.9

3.5

... 800
£
ue
~

600c..

~
:E
1il

400

200

.: ,.,<'.

.-

0
I 1.5 2 2.5 3

J. L Alcaraz eI al.

350

300

250

...
B
ue 200
f!..c..
.~ ./

] 150

1il
100

50

0
I 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

wavenumber. qa

1200

1000

(d)

Ie)

wavenumber, qa

FIg.. 5. (Col11inucd).

the lower upper density ratio. or In the hydrostatic stress level. promotes the growth of
instabilities.

It is also shown that instability is generally favoured with a lower location of the
harder material. The values of the stability parameters are almost doubled compared with
the opposite case.

Finally. the influence of the selected constitutive model is illustrated. Among the three
models considered (Voce. Prager and Hollomon). the Prager model appears to provide the
worst conditions for stability.
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